INTRODUCTION
An H(s, 0) is called a trivial Howell design. An H(2n -1, 2n) is also called a Room square of order 2n and side 2n -1. It is known [ 1 l] that there exists an H(2n -1, 2n) for all positive integers n except n E (2, 3) . At the other extreme, when s = II, the existence of two orthogonal Latin squares of order n implies the existence of an H(n, 2n) [8] ; thus, there is an H(n, 2~2) for each positive integer n # 2, 6. In addition, Hung and Mendelsohn [8] Let us denote the image, under g E G, of t E T by t + g. We define a generator from T to be a set of unordered pairs of distinct elements of T, say A = A(T), such that each element of T is in at most one pair of A. An adder for A, say a = aA, is an injection a: A --) G such that a(A)== {{a+a({a,bl), b +a({4b})jl{~,b) EA} is also a generator from T. For notational convenience, let us denote the image of {a, b} under a by a(u, b) = a(b, a). As usual, we let Im a = { gE Glfor some {a, b} EA, a(u, b) =g}.
Construction 2.1. For any finite set T and any Abelian group G acting on T, the existence of a generator A and an adder a implies the existence of a ) G / by ( G/ array, say R(A, a), in which (i) each cell either is empty or contains an unordered pair of distinct elements of T, and
(ii) any element of T is in at most one cell of each row and of each column, Proof: We say that the rows and columns of a 1 GI by 1 GI array, say B, are indexed by G if each row (column, respectively) is assigned a distinct label from G. For any (h, k) E G X G, let B(h, k) denote the contents of the cell in row h and column k of B. Now, let R(A, a) be the array B defined as follows:
for any {a, b} E A and any h E G, define B(h, h -g) = {a + h, b + h} where g = a(u, b), and let every other cell of B be empty.
Since a is an injection, property (i) is satisfied. From the definition of B, it follows that, for any g E G, row g contains the pairs of This is also a generator from T since g is injective. The pairs in column g are those of the set which is also a generator from T. Hence, property (ii) is satisfied. a
We now describe a construction for Howell designs of even side which involves determining four generators and corresponding adders. Let G be a finite Abelian group. For any positive integer i and for any subset S C G, define si = s x {i}, and, for any g E G, define gi= (g, i) E Gi.
For any positive integer rz, let where 0 is a finite set disjoint from U ;= I Gi. We let G act on T as follows: for any g E G and any hi E T\Q, define hi + g = (h + g)i * For any g E G and any u E Q, define CL) + g = o. It is clear that G is a group acting on T. Since the points of D are fixed pointwise by G, we say that fi is the set of fixed points of T (with respect to G).
Finally, we make use of the following notion of "difference." For any { gi > hj} c T\Q, gi z hj 3 let gi -hj = (g, i) -(h,j) = (g -h, i,j).
Observe that the difference hj -gi is, in general, different from gi -hj ; however, if i =j and g -h is a self-inverse element of G, then hj -gi = g, -hj. For any g, E T\Q and any o E Q, define g, -w = (-w, i) and w -gi = (co, i).
Note that, we distinguish between the differences (0, i) and (-w, i) in order that Lemma 2.2 is valid. For any other pair of elements from T, say u and v, the differences u -v and v -u are not defined.
This notion of difference is significant because of the following property.
LEMMA 2.2. Let G and T be as defined above. For any two pairs of P={{a,b}cTIa#band {a,b}dO}, say {a, b} and {c, d}, there exists g E G such that a+g=c and b+g=d if-and only fa-b=c-d.
We now describe the first of our direct constructions. Let n = 2 so that T = G, U G, U 0, where the cardinality of R is even. By the same argument, condition (iii) implies that the columns of H are all Latin.
Conditions (i) and (iv), together with Lemma 2.2, imply that no pair of P is in more than one cell of H.
Finally, condition (i) implies that H has the *-property since no pair of elements from 52 is in H. fl 
Construction.
Let 00,) co,, co3, co, be four new points fixed with respect to G, let and let P'={{a,b}cT'lu#b and {a,b}rtnU(co,,032,003,004}}.
We now describe four generators A', B', C', D' of T' and corresponding adders a', p', y', 6' which satisfy conditions (i) through (iv) of Lemma 2.3. Let A'=tA"{{~,,b,l, {~~~c~ll)\1i~,~b,l~ icz,dzii.
For any pair {p,q}EAnA', let a'(p,q)=a(p,q). For any pair {p, q} E C, let ~'(p, q) = y(p, q), and let
For any pair {p, q} E D' n D, let 6'(p, q) = 6(p, q) and let S'(cO,, b,) = %) b,) and is'(co2, Cl> = qc,, d2).
It is a routine matter to check that A', B', C', D', and CI', ,f?', y', 6' satisfy properties (i) through (iv) of Lemma 2.3. Hence, there is an H*(2/GI,/T'I)=H*(2/GI,/Tl+4). LEMMA 2.5. If there are s disjoint sets offour pairs, {{a,, b,), {cz, d2}, {a,, b,}, {c,, d,}}, each of which satisfy the properties of Lemma 2.4, then there is an H"(2 ) GI, ] Tj + 4s).
Proof. Because a and 6 are injections and the s sets are disjoint, it follows that the construction used to establish Lemma 2.4 can be repeated s times. Hence the result follows. 1
In order to construct generators having the properties described in Lemma 2.3 we use results about starters and adders for Room squares.
For G a finite additive Abelian group, a starter for G is a generator E = E(G) having the following properties:
(i) the pairs of E are a partition of G\(O) and (ii) (*(a-b)/{a,b}EE}=G\{O}.
A starter E is said to be strong if it has the following additional property:
(iii) the sums a + b, for all {a, b} E E, are distinct and nonzero. Observe that if E is a strong starter, then the injection E: E --f G defined by
is an adder for E; in fact, this adder has the special property that the pairs of E(E) also partition G\(O). I n what follows below, for any strong starter E, it will be understood that its adder E is the one we have just defined.
A strong starter is said to be skew if condition (iii) is replaced by the following stronger requirement:
The next lemma establishes the existence of skew strong starters. LEMMA 2.6. If q is an odd prime or a power of an odd prime and q @ 13, 5, 91, then there is a skew strong starter over an additive Abelian group of order q.
ProoJ Mullin and Nemeth (lo] show that if q is an odd prime or a power of an odd prime of the form 2kt + 1, where t > 1 is an odd integer, then there is a skew strong starter over the Galois field of order 4, GF(q). Chong and Chan [3] show that if q is a prime of the form 2k + 1 > 17, then there is a skew strong starter over GF(q). 1
The following property of skew strong starters is essential for the construction of generators A, B, C, D satisfying the properties of Lemma 2.3. LEMMA 2.7. If there exists a skew strong starter E = E(G), then there is a system of distinct representatives for the pairs of E, say R = R(E), having the property that, for any g E G\{O}, g E R if and only if-g E G/R. (We call R a system of positive distinct representatives, or more briefly, an SPDR, of E.)
Proof. It is easy to see that the definition of a skew strong starter E = E(G) implies that G is a group of odd order. Let F be the partition of G\{O} into pairs of the form {g, -g}. By a theorem of Philip Hall [6, Theorem 31 , there exists a system of simultaneous distinct representatives of E and F, say R = R(E). Clearly, R is an SPRD as required. 1 LEMMA 2.8. If there is a skew strong starter E = E(G), then there is an H*(2IGj,2IGI+2).
Proof. We establish this result by exhibiting four generators having properties (i )--(iv) of Lemma 2.3. Let T = G, U G, U {co,, co*}, where co, and co1 are the fixed points of T. Let and, for any pair {xi, yi} E A, let a(~,, yi) = -(x + y). It can readily be checked that this is a generator and adder from T because E is a skew strong starter, and for the same reason, the differences of the pairs in A are all distinct.
Since Im E, where e is the adder for E, includes precisely half the elements of G\(O}, it is clear that there exists {g, h} E E such that not both -g and -h are elements of Im E. (Note that such a pair { g, h} is not essential to the proof of this lemma; however, it is essential to the proof of Lemma 2.10.) Let 1gl=RnW+
where R is an SPDR for E. For an arbitrary, but fixed, such pair (g, h}, let and, for any pair {x, ,y2} E D, let 6(x,, yz) = -(x + y). Again, since E is a skew strong starter, it follows that D is a generator with corresponding adder 6 and all the differences of D are distinct. and Y(C)= {{~,,O,}, {a2, Or}}, the pairs of a(A) U y(C) partition T, and since S(D)= {{Ol,%J)U ii-b,,-a,), {b,,a,}l{a,blEE and aER}J\ iI-h,,-g,ll and P(B)= {{co,, -h,}, {co,, -gz}}, the pairs of ,/3(B) U 6(D) partition T.
Since the differences of pairs in A are of the form (g, 1, 1) or (g, 2, 2) and the differences of pairs in D are of the form (g, I, 2) or (g, 2, l), it follows that the differences of pairs in A U D are all distinct. It is now easy to check that the differences of the pairs in A U B U CUD are distinct.
Hence, by Lemma 2.3 it follows that there is an H*(2 /GI, / Tj), as required. I
As an example, consider the H"(14, 16) constructed from the skew strong starter E@,)= {{L3L {2,6}, (4, 511, where R={l,2,4} and {g,h}={2,6}.
Here, Im e={3,6,5} and {-g,--h}fTIme={5}. Then Lemma 2.5 implies that there is an H*(2 j GJ, 2 1 Gi + 4 + 4s) for all integers s in the range 1 < s < (1 G / -7)/2. u The H* (14, 22) exhibited below was constructed from the skew strong starter E(G)= {{L3}, (2,619 {4,5ll>
where R = { 1, 2,4}, {g, h) = (2, 6) and {k, I) = {l, 3}. Lemma 2.4 was applied using the four pairs (4,, 5,}, (3*, 2,) EA and {4,, 5*}, {3,, 22} ED. H* (14, 22) Combining this result with the work of Hung and Mendelsohn, we get LEMMA 2.11. If there is a skew strong starter E(G), then all "-designs of side 2 1 G/ exist; that is, there is an H*(2 1 G/, 2 j G/ + 2t) for each tE {1,2 ,..., /GI}. ProoJ Since the existence of a skew strong starter E(G) implies the existence of an H(j G/, (G/ + 1) and since there is no H(3,4) nor an H(5. 6), it follows that /G 1 > 7. By Lemma 1.1 (iii) and (iv), there is an H*(2 IG(, 4 jGJ -2k) for k E (0, 1, 2, 3}. Combining this with Lemma 2.10, the result follows. m Lemmata 2.6 and 2.11 immediately imply THEOREM 2.12. If q is an odd prime or a power of an odd prime and q & (3, 5, 9) then all *-designs of side 2q exist, that is, there is an H*(2q, 2q + 2t)for each t E {l, 2 ,..., q}.
ANDERSON, SCHELLENBERG, AND STINSON
We now describe a second construction for Howell designs which will permit us to establish the existence of Howell designs of side 4q, where q is an odd prime or a power of an odd prime and q & {3,5,9}.
Let G be a finite additive Abelian group and let 12 be a finite set of points disjoint from, and fixed by, G. For any positive integer n, let A pair-table of side m, based on T,, is an m x m array in which every cell either is empty or contains a pair of distinct elements from T,. For notational convenience, we refer to a pair-table of side m as a PT(m).
A table-starter is Latin in T,, it follows that the columns of C are also Latin in T,, Since the differences of all the pairs of S are distinct, it follows that any pair of T, is contained in at most one cell of C. Thus, C is an H(m 1 G/, 1 T,, I). Since our definition of differences does not include the difference of two elements from Q, it follows that this Howell design has the *-property.
1
The following result is established by constructing TS(4j's. LEMMA 2.14. If there is a skew strong starter E = E(G), then there is an H*(4 / G /,2n) for each integer 2n in the range 4 / G / + 2 < 2n ,< 8 j G 1. From these two arrays we define four PT (4) We now use the starter E(G) to construct a T'S(4).
Case 1. Let 2n=4lGl+4t
where t is an integer in the range 1 < t < / GI. Let Q be a set of points, fixed under the action of G, having cardinality 4t. Partition D into t 4-subsets, say Q = {Q,, 0, ,..., a,-,}.
Let 0 be any injection from the set {ai1 i E { 1, 2,..., t -1)) into F={{a,b},{-a,-b}/{a,b}EE(G)}.
For any {x,y}EImO, let S{x,y}= &'({x, y}) and for any (x, y} E (F\Im 19), let S{x, y} = 0, the null set. we can conclude that the columns of the 4 1 Gl x 4 array, obtained by juxtaposing these PT(4)'s vertically, are Latin in T,. Hence, CL is an adder for S. By Lemma 2.13, it follows that there is an H*(4 / Gl, 2n).
Case 2. Let 2n = 4 1 GI + 4t -2 where t is an integer in the range 1 < t < /G/. As in Case 1, let 0 be a set of 4t -2 points lixed under the action of G and let be a partition of Q having Q,, = {co,, co,}andIQil=4for l<i<t-l.It can readily be seen that if the PT(4) K in the TS(4) of Case 1 is replaced by the PT (4) the result is also a TS(4); furthermore, a, defined as in Case 1, is an adder for this TS(4). Hence, by Lemma 2.13, there is an H*(4 1 G/, 2~). I Lemmata 2.6 and 2.14 immediately imply THEOREM 2.15. If q is an odd prime or a power of an odd prime and q & 13, 5, 9 }, then all *-designs of side 4q exist.
RECURSIVE CONSTRUCTIONS
In this section we describe several recursive constructions for Howell designs, and obtain some useful corollaries.
Our first construction uses pairwise orthogonal Latin squares (POLS). For
a definition, see [7] . A transversal in a Latin square of order it is a set of y1 cells, no two in the same row or column, which together contain every symbol exactly once. It is well known that the existence of k -1 POLS of order n containing n disjoint common transversals is equivalent to the existence of k POLS of order n.
Let A be an H*(s, s + t) defined on the elements of an (s + t)-set, say X, such that Y c X, 1 Yl = t, and no pair of elements of Y is in any cell of A. We call the elements of Y the infinite elements of A. We replace each pair in A by an ordered pair as follows: if {x,, x2} cX\Y is in some cell ofA, replace it by one of the ordered pairs (xi, xz), (x1, x1); and if {x, JJ}, with x E X\Y and y E Y, is in some cell of A replace it by the ordered pair (v, JC). The resultant array is called an ordered H*(s, s + t), THEOREM 3.1. Suppose there exist three POLS of order n, and suppose there exist H*(s, s + k,) and H*(s, s + kJ. Then an H*(ns, ns + (n -1) k, + k,) exists.
Proof. Since there are three POLS of order n, there exist two POLS, say L = (iii) and M= (m,), of order n, containing n disjoint common transversals. Let K = (k,) be the array defined by superimposing L and M; that is, k, = (Iii, mij). We may suppose that L and M are both defined on {1,2 ,..., n}. Let Ti, 1 < i < IZ, denote the superposition of the common transversals of L and M. By permuting symbols if necessary, we may suppose that the cells of T, contain (1, l), (2, 2) ,..., (n, n). Our third construction uses frames. Let t, ,..., t, be positive integers, let n,,..., a1 be nonnegative integers and let y1= cf=, ni. Let S be a set of cardinality cf=, nit, and let {S,, S2,..., S,} be a partition of S such that, for 1 < i < 1, nj of the Sj's have cardinality ti. A frame of type t;' t;' -.. ty' (based on S) is an /S/ by /S/ array with rows and columns indexed by S, in which each cell either is empty or contains an unordered pair of elements of S such that (1) for 1 <j < n, the subarrays Sj X Sj are empty, (2) for 1 <j < n and for any s E Sj, every element of S\Sj is contained in precisely one cell of row s and of column s, and (3) the unordered pairs occurring in the array are precisely the pairs {a, b}: where a E S,i, b E S, and j # k. A frame of type t" is referred to as a (t, n)-frame. Stinson has established THEOREM 3.3 [ 131. Suppose a frame of type ty' t;* . . . t;' exists, and H*(ti, ti + k) exist for 1 <i< 1. Then an H*(s, s + k) exists, where s = Cf=, nit,.
We record here the existence of some frames which will be required below. It will be convenient to derive a few "multiplication" theorems by combining Theorems 3.1 and 3.3. LEMMA 3.6. If all *-designs of side 2s exist, and three POLS of order n exist, where n # 4 and n < s + 1, then all *-designs of side 2sn exist.
Proof: First, applying Theorem 3.1, we obtain H*(2sn, 3sn + 2(n -1) k, + 2k,) for all 1 < k,, k, < s. It may be checked that, under the assumption n<s+l, for n<t<ns, we may write t=(n-l)k,+k,, for some 1 <k,,k,<s.
To construct the remaining designs, we use Theorem 3.3. Since n > 5, a (2s, n)-frame exists. Thus we may construct H*(2sn, 2sn + 2t) for 1 < t < s. Since s > n -1, we have constructed all the Howell designs of side 2sn. I
The next lemma shows that we may multiply by 4, provided s > 2. ProoJ Applying Theorem 3.1, we obtain H*(&, 8s + 6k, + 2k,) for all 1 < k,, k, < 2. For 4 < t < 4s, since s > 2, we can write t = 3k, + k,, for some 1 < k, , k, < s.
We need to construct N*(8s, 8s + 2t) for t = 1, 2, and 3. We have assumed s > 2. Also, s # 3, since H*(6, 12) does not exist. Thus s 2 4. By Lemma 3.4, an (8, s)-frame exists for s > 4. By Lemmata 1.1 and 1.2, an H"(8, 8 + 2t) exists for t = 1, 2, and 3. Hence, Theorem 3.3 enables us to construct the desired Howell designs. 1 LEMMA 3.8. Suppose s is odd and almost all *-designs of side s exist (that is, there is an H*(s, s + k) for each k E { 1, 3, 5, 7 ,..., s -4}). Suppose all *-designs of side 2n exist. If three POLS of order 2n exist, and s > 4n + 1, then H*(2sn, 2sn + 2t) exists for 1 < t < n(s -4).
ProoJ: Applying Theorem 3.1, we obtain H*(2sn, 2s~ + (2n-l)k,+k,), where 1 <k,, k,<s -4, k, and k, odd. Then (2n -1) k, + k, ranges over all even numbers from 2n to 2n(s -4) with no gaps,since(2n-1).
l+s-4>(2n-1).3-l. We must construct H"(2sn, 2sn + 2t) for 1 ,< t < n. We have that s is odd and s > 3, so a (2n, s)-frame exists. We have assumed that all *-designs of side 2n exist, so by Theorem 3.3, we obtain H*(2sn, 2sn + 2t) for l<t<n. # For future use we record a useful Corollary to the PBD construction. First, some definitions.
A group divisible design (GDD) is a triple (X, p, &), where (i) X is a set (of points), (ii) Y is a class of nonempty subsets of X (called groups) which partition X, (iii) M' is a class of subsets of X (called blocks), each containing at least two points, (iv) no block meets a group in more than one point, and (v) each pair of points not contained in a group is contained in precisely one block. A transversal design, or TD(k, n), is a GDD with kn points, k groups of n points each, and such that every block has size k. A resolvable transversal design, or RTD(k, n), is a TD(k, n) where the blocks can be partitioned into parallel classes. It is well known that the existence of k -2 POLS of order n is equivalent to the existence of a TD(k, n), which is in turn equivalent to the existence of an RTD(k -1, n). LEMMA 3.9. Suppose there exist:
(1) m -1 POLS of order n, (2) an H*(n, n + 1 + k,), (3) anH*(m,m+l+ki)for l<i,<n.
Then there exists an H*(mn, mn + 1 + CrzO ki).
Prooj
An RTD(m, n) exists. Thus we may construct a PBD(X, &'), where 1x1 = mn, such that d may be partitioned into parallel classes. That is, d = lJ;=, Pi, where P, consists of m blocks of size n, and Pi, for 1 < i ,< II, each consist of n blocks of size m. The result now follows from Theorem 3.2. I
In a couple of instances, we will make use of the following corollary to Theorem 3.5. LEMMA 3.10. Suppose an H*(n, n + 2t) exists. Then H"(3n, 3n + 6t) exists. Proof: Put s, = n, = 3 in Theorem 3.5. 1
SOME HOWELL DESIGNS OF SMALL SIDE
In this section, we establish the existence of all *-designs of side 2s for 2s E (4, 6, 8, 10, 12, 16, 18, 20, 24, 36 , 60, 84, 132}, with the exception of H* (6, 12) . In addition to the recursive constructions of Section 3, we also make use of the starter-adder construction of Hung and Mendelsohn [8] . They define a starter for an H*(s, 2n) to be a TS(1) (see Section 2) defined on the set T, =GvR, where G is an additive Abelian group of order s and IQ 1 = 2n -s. For notational convenience, when w-e exhibit a starter, we will avoid listing the elements which are fixed by the group G. As a result, the starter will consist of pairs from G and singletons from G, where it is understood that each singleton is to be paired with a unique point fixed by G. Hence, a starter for an H*(s, 2~2) consists of a partition of G into 2n -s singletons and s -II pairs. Hung and Mendelsohn [S] show that the existence of a starter for an H*(s, 2n) and corresponding adder imply the existence of an H*(s, 2n). This fact is used to establish the existence of some *-designs in this section and in Section 6. In each case, the group G is Z,, the integers modulo s.
In this section and in Section 6, we occasionally require Howell designs of odd side satisfying the *-condition: The results listed in Table II of Hung and Mendelsohn [8] guarantee the existence of the needed designs in each case. If s = 8, apply Lemma 3.9 with m = n = 4, ki = 1 or 3, 0 < i < 4. By this method H*( 16, 16 + 2t) is constructed for 3 < t < 8. The other two designs may be constructed by starting with a (4,4)-frame and applying Theorem 3.3.
Next, consider s = 9. After applying Lemmata 1.1 (in (iv), let k = 3,4) and 1.2, we must construct H*(lS, 18 + 2t) for 2 <t < 4. Apply Lemma 3.10 with n = 6, t = 1 to establish the existence of an H*(l8, 24). We exhibit starters and adders to establish the existence of an H*(lS, 22) and an H"(18, 26). They are Prooj Put m = 3, n = 8 in Lemma 3.9. Let k, = 1, 3,5, or 7, and let ki = 2, for 1 < i < 8. We obtain H"(24, 24 + 2t) for 9 < t < 12.
Next, apply Theorem 3.1, using three POLS of order 4. Since we have an H*(6,6 + 2t) for t = 1,2, we can construct H*(24,24 + 6k, + 2k,), k,, k, = 1,2; that is, we produce H*(24,32), H*(24,34), H*(24,38), and H*(24,40).
Thus we need only construct H*(24, 24 + 2t) for t = 1, 2, 3, and 6. There is a (4,6)-frame; hence we can construct H* (24, 26) and H*(24,28) by Theorem 3.3.
Lastly, put y1= 8, t = 1,2 in Lemma 3.10. Hence H*(24, 30) and H"(24, 36) exist. 1 LEMMA 4.4. All *-designs of side 36 exist.
ProoJ First, put m = 4, n = 9 in Lemma 3.9. Let k, = 0 or 8, and let ki = 1 or 3, for 1 < i < 9. This constructs H*(36, 36 f 2t) for 5 < t ,< 18.
If we put s = 9, 2n = 4 in Lemma 3.8, we construct H*(36, 36 + 2t) for 1 < t < 10, since almost all *-designs of side 9 exist. m LEMMA 4.5. All "-designs of sides 60, 84 and 132 exist.
Proof. For p = 5, 7, and 11 three POLS of order 3p exist, so we may set m = 4, n = 3p in Lemma 3.9. Since H*(3p, 3p + l), H*(3p, 6p), H*(4, 6) and H*(4, 8) exist, we may let k, = 0 or 3p -1, ki = 1 or 3, for 1 < i ,< 3p. Lemma 3.9 yields H*(12p, 12~ + 2t) for (3p + 1)/2 < t < 6p.
Next, use Lemma 3.8 with s = 3p, 2n = 4. There are three POLS of order 4, and almost all *-designs of sides 15, 21, and 33 exist (see [4] ). Applying Lemma 3.8, we obtain H*(12p, 12~ + 2t) for 1 < t < 2(3p -4), for p = 5, 7, and Il. Proof. Let 2s= 2mpyip;~...p;k, where m> l,p,,...,pk are distinct odd primes, and pp' > py2 > ... > pFk > 3. We use induction on k.
If k = 0, the result is Lemma 5.2. If k = 1, the result follows from one of Lemmata 5.1 or 5.3. Assume the result for k -1 > 1. Now apply Lemma 3.6 with n =pFk. Three POLS of order n exist, andprk< 2"-'p7'
...PFK-~' + 1. Thus the result holds for k as well. By induction, the proof is done. 1 6. HOWELL DESIGNS OF SIDE 2s, GCD(s,9)= 3
In this section we consider Howell designs of side 2s, where 3 /s but 9)s. We first derive some preliminary Lemmata concerning designs of side 6p, p prime. LEMMA 6.1. If p is an odd prime, then there exists an H*(6p, 6p + 2t) for 2p < t < 3p.
Proof. For p = 3, the result follows by Lemma 4.2. Now consider any other odd prime p. There exist two POLS of order 2p, so put m = 3, n = 2p in Lemma 3.9. Let k, = 1, 3 ,..., 2p -1, and let ki = 2 for 1 < i < 2p. The designs of side 2p exist by Theorem 5.4, and an H* (3, 6) ProoJ Since six POLS of order m exist, we can construct an RTD(7, m). Delete m -w points from a group of this TD to obtain the GDD(X, r', 9). We apply Theorem 3.2, Let us check the Howell designs required as input.
Suppose B E 5 is a block of size 6. Then B occurs in two Pi's: PiO, with I < i, ,< m, and Pi,, with m + 1 ,< i, < 2m -w. An H*(6, 6 + 1 + kiO + k,,) is an H* (6, 8) or H*(6, IO), both of which exist.
Next, suppose B E ~zY is a block of size 7. Then B occurs in precisely one pi, say pio3 and 1 <i, <m. An H*(7, 7 + 1 + k,,) is an H* (7, 8) or H*(7, lo), both of which exist.
If B E ,Y is a block of size m, then B occurs only in P,. An We also need the following result concerning Howell designs of side 12~. LEMMA 6.6. If p is an odd prime exceeding 11, then all *-designs of side 12p exist.
ProoJ There exist eleven POLS of order p, so put m = 12, n =p in Lemma 3.9. Let k, =p -1, and let k, = 1, 3, 5, 7, 9, or 11, for 1 < i <p. H*(p, 2p) exists, as do all *-designs of side 12. Thus, there is an H*(12p, 12p t 2t) for p < t Q 6p.
By Lemma 3.4, there exists a frame of type 12~)~. Since all *-designs of side 2p exist by Theorem 2.12, Theorem 3.3 implies that there is an H*(12p, 12p + 2t) for 1 < t <p. We construct starter-adder pairs in Z,, to establish the existence of an H"(30, 30 + 2t) for each t E (4, 5, 7, 8, 10) . points, and blocks of size 6, 8, and 9. Each point of the deleted subplane induces a parallel class. Denote these parallel classes Pi, 1 < i < 7.
We will apply Theorem 3.2 with ki = 1, for 1 < i < 7. A block of size 9 is in no P,, so an H*(9, 10) is required. A block of size 8 is in one P,, so an H*(8, 10) is required. A block of size 6 is in three Pi)s so an H*(6, 10) is needed. These three input designs exist, so N*(66, 74) can be constructed.
To establish the existence of an H*(66, 76) we exhibit a starter and an adder : For p = 13, we must establish the existence of an H*(78, 78 + 2t) for 4 < t < 6. This follows from Lemma 6.4, with m = 4 and w = 7, and Theorem 5.4. For p = 17, we must establish the existence of an H*(102, 102 + 2t) for 4 < t < 8. This follows from Lemma 6.4, with m = 5 and w = 11, and Theorem 5.4.
Next, let p = 19. We must construct H*(114, 114 + 2t) for 4 < t < 9. Set m = 17, w = 12 in Lemma 6.3. (then 6 = 0). Six POLS of order 17 exist, and H"(12, 18) exists. Thus there exist H"(114, 114 + 2t) for 3 <t < 20, so all the exceptions are covered.
Finally, for p = 23, we must establish the existence of an H*(138, 138 + 2t) for 4 <t < 11. Applying Lemma 6.4 with m = 7 and w = 13, we find that all these Howell designs exist. This completes the proof. I
We are now in a position to establish the main result of this paper. THEOREM 6.9. Ifs > 3 is an integer, then all *-designs of side 2s exist.
Proof. We establish this result by mathematical induction. By Lemmata 4.1, 4.2, 4.3, and Theorem 5.4, the result holds for 3 < s < 15.
